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Abstract. The electronic and transport properties of nanotube-ribbon hybrids subject to the inﬂuences of
a transverse electric ﬁeld are investigated theoretically. The energy dispersion relations are found to exhibit
rich dependence on the nanotube-ribbon interactions, the ﬁeld strength, and the geometry of the hybrids.
The nanotube-ribbon coupling will modify the subband curvature, create additional band-edge states, and
change the subband spacing or energy gap. The bandstructures are asymmetric and symmetric about the
Fermi energy when the interactions are turned on and oﬀ, respectively. The inclusion of a transverse electric
ﬁeld will further alter the bandstructures and lift the degeneracy of the partial ﬂat bands in hybrid (IV).
The chemical-potential-dependent electrical and thermal conductance exhibit a stepwise increase behavior.
Variations in the electronic structures with ﬁeld strength will be reﬂected in the electrical and thermal
conductance. Prominent peaks, as well as single-shoulder and multi-shoulder structures in the electrical
and thermal conductance are predicted when varying the electric ﬁeld strength and the nanotube location.
The features of the conductance are found to be strongly dependent on the ﬁeld strength, the geometry
and the temperature.
PACS. 73.23.-b Electronic transport in mesoscopic systems – 73.22.-f Electronic structure of nanoscale
materials: clusters, nanoparticles, nanotubes, and nanocrystals

1 Introduction
Graphene, a ﬂat monolayer of carbon atoms arranged in
a two-dimensional honeycomb lattice, is the fundamental building block for graphitic materials of all other dimensionalities. Three-dimensional (3D) graphite is a stack
of graphene layers. One-dimensional (1D) carbon nanotubes (CN’s) [1–4] can be viewed as rolled-up cylinders
of graphene. Zero-dimensional (0D) fullerenes [5] consist
of wrapped graphene with introduction of pentagons into
the hexagonal lattice. Recently, Novoselov and collaborators [6] succeeded in isolating single sheets of graphite
known as graphene. Despite being only one atom thick,
their graphene devices are stable under ambient conditions. Subsequent experiments [7–13] have demonstrated
that it is feasible to modulate electrical properties of
graphene devices by applying an external voltage, which
opens up the possibility of graphene microelectronics.
There are observations of unconventional electric ﬁeld
eﬀects in the Hall coeﬃcient [6], and novel quantum
Hall eﬀect in monolayer [12] and bilayer graphene [13].
These unusual electronic properties are due to the linear dispersion relation near the Dirac point. The carriers
in graphene are massless Dirac fermions leading to the
a
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shifted Hall plateaus [8,12]. When graphene is patterned
into a narrow ribbon, graphene nanoribbon (GNR) will
then be obtained. Just like carbon nanotubes, graphene
nanoribbons are also 1D systems. Graphene nanoribbons
can be realized either by cutting mechanically exfoliated
graphenes [12], or by patterning graphenes with lithographic techniques [7,14].
With the advance in chemical synthesis and scanning
probe techniques, it has become possible to fabricate novel
hybrid carbon materials. Fullerene peapods, formed by
encapsulating C60 molecules in carbon nanotubes, were
ﬁrst observed by Smith and coworkers from transmission electron microscopy experiments [15]. This opens up
the possibility to tailor diﬀerent structures with the desired functionality. NanoBuds, consisting of fullerenes covalently attached to single-walled carbon nanotubes, have
been synthesized by Nasibulin and coworkers [16]. Carbon
nanowire, a multiwalled carbon nanotube which contains
a single chain of carbon atoms encapsulated within the
inner most tube, was reported [17]. Gutierrez and coworkers proposed an all-carbon molecular switch based on
a nanotube-fullerene-nanotube hybrid system [18]. They
predicted that a large variation of the conductance over
three orders of magnitude can be achieved by either changing the orientation of the fullerene molecule or rotating the
nanotube.
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Electronic transport through nanometer-sized structures is one of the recent fundamental issues in mesoscopic
physics [19–23]. An important result is that for an onedimensional conductor in the ballistic regime, the electrical conductance is quantized in multiples of the quantum
2e2 /h [19,20]. It has been speculated that similar behavior
should exist for the thermal transport. Schwab and collaborators observed the quantum of the thermal conductance,
2
κo = π 2 kB
T /3h, in nanosized narrow wires [24]. Theoretical calculations show that a conducting single-walled CN
has only two conducting channels, and predict that the
electrical conductance will be 4e2 /h independent of radius
and length [25,26]. The electronic transport in graphene
nanoribbons exhibits many interesting phenomena such
as zero-conductance Fano resonances [27], vacancy conﬁguration dependent conduction [28], half-metallic transport [29], and valley ﬁltering conduction [30]. In our previous work, the electronic properties of nanotube-ribbon
hybrids made up of a single-walled carbon nanotube and a
graphene nanoribbon are investigated by using the tightbinding method [31]. In this paper, the eﬀects of an external electric ﬁeld on such systems are explored. Furthermore, the electrical and thermal transport properties of
nanotube-ribbon hybrids are studied within the ballistic
regime. They can be calculated by using the LandauerButtiker formalism, which relates the conductance of a
system to an independent electron scattering problem.
The electron transport in nanotube-ribbon hybrids has
not yet been considered according to our knowledge.

Fig. 1. (Color online) Schematic plot of a nanotube-ribbon
hybrid made up of a (24, 0) carbon nanotube and a Nw = 90
armchair graphene nanoribbon, xloc = 45. The primitive unit
cell is shown as heavy lines.
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2 Theory
In this study, we consider a system with a nanotube lying above a graphene nanoribbon with width Nw . Two
conﬁgurations: (I) a (m, 0) zigzag nanotube and an armchair ribbon, and (II) an (m, m) armchair nanotube and
a zigzag ribbon are explored. There are 4m + 2Nw carbon atoms in the primitive unit cell. Schematic plot of
a nanotube-ribbon hybrid system made up of a (24, 0)
zigzag nanotube and a Nw = 90 armchair nanoribbon is
depicted in Figure 1. The location of the nanotube is speciﬁed by xloc , the ribbon dimer line or the zigzag line that
is directly underneath the nanotube axis. The nanotube
and the ribbon are regarded as diﬀerent subsystems. Details of the model formulations are given in our previous
work [32], in which the electronic properties of nanotuberibbon hybrids at zero ﬁeld are studied. In the presence of
a transverse electric ﬁeld, the onsite energy of the ith carbon atom in such hybrids will be perturbed by the amount
δE = −eF yi , where yi is the coordinate of the ith carbon
atom along the ﬁeld direction. After solving for the state
energy E(F ), one may proceed to calculate the transport
properties.
We consider a nanotube-ribbon hybrid suspended between two reservoirs (macroscopic leads) (Fig. 2). The
left and right reservoirs are assumed to have the chemical potentials and the temperatures of (μ + eV, T ) and
(μ, T + ΔT ), respectively. Making use of the LandauerButtiker formula, the net electric and thermal currents in

Fig. 2. (Colore online) Diagram of a nanotube-ribbon hybrid suspended between two leads. The electric ﬁeld is along
the y-axis.

the ballistic regime are respectively given by
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where (1/) | ∂E/∂k | is the longitudinal velocity,
To is the transmission probability for electrons in the
reservoirs to enter the nanotube-ribbon hybrid with the
above velocity and is just equal to 1 for an adiabatic
contact. f o is the Fermi-Dirac distribution function.
Within the linear-response approximation (ΔT → 0 and
V → 0), I is reduced to L0 V − (L1 ΔT /T ) and U becomes
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Fig. 3. The low-energy subbands without nanotube-ribbon interactions (independent subsystems) for (a) (24, 0) CN and
Nw = 90 armchair ribbon, (b) (25, 0) CN and Nw = 90 armchair ribbon, (c) (24, 0) CN and Nw = 89 armchair ribbon, and (d)
(14, 14) CN and Nw = 52 zigzag ribbon. The subbands of CN are shown as solid lines, and those of ribbon are displayed as
dots. γ0 = 2.66 eV is the nearest-neighbor transfer integral.

L1 V − (L2 ΔT /T ). The electrical conductance is deﬁned
as G = I/V = L0 at ΔT = 0. The thermal conductance
κ, is the net thermal current produced by a temperature
gradient at I = 0, and is given by (L2 − L21 L−1
0 )/T . Lβ (F )
is deﬁned as



o
 ∂E 
e2−β To
 (E − μ)β −∂f (E) . (3)

Lβ (F ) =
dk 
h
∂k 
∂E
k>0
At low temperature, the main contributions to Lβ (β =
0, 1, 2) come from electronic states very close to the chemical potential.

3 Results and discussion
Four nanotube-ribbon hybrids: (I) (24, 0) CN and Nw =
90 armchair ribbon, (II) (25, 0) CN and Nw = 90 armchair

ribbon, (III) (24, 0) CN and Nw = 89 armchair ribbon,
and (IV) (14, 14) CN and Nw = 52 zigzag ribbon, are chosen to be part of a model study. The (24, 0), (25, 0), and
(14, 14) CNs have roughly the same radii, although they
belong to diﬀerent categories of nanotubes. The (24, 0) CN
is a narrow-gap semiconductor, whereas the (25, 0) CN
is a moderate-gap semiconductor, and the (14, 14) CN is
gapless. The Nw = 90 (Eg > 0), 89 (Eg = 0) armchair
ribbons, and Nw = 52 (Eg = 0) zigzag ribbon have nearly
the same width.
The bandstructures of nanotube-ribbon hybrids are
brieﬂy reviewed here. When nanotube and ribbon are decoupled (independent subsystems), the state energies are
symmetric about the Fermi level EF = 0 for all four hybrids (Fig. 3). In particular, there are partial ﬂat bands
at E = 0 with π/3b < k ≤ π/2b for hybrid (IV) (Fig. 3d).
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Fig. 4. The low-energy subbands with nanotube-ribbon interactions for (a) (24, 0) CN and Nw = 90 armchair ribbon (hydrid (I)), (b) (25, 0) CN and Nw = 90 armchair ribbon (hydrid (II)), (c) (24, 0) CN and Nw = 89 armchair ribbon (hydrid (III)),
and (d) (14, 14) CN and Nw = 52 zigzag ribbon (hydrid (IV)).

These ﬂat bands are contributed by the zigzag ribbon. At
k = π/2b, the wavefunctions associated with the ﬂat bands
at E = 0 are the edge states at which the electrons are
localized purely at the zigzag edges. With the inclusion of
coupling, the bandstructures of all four hybrids are considerably altered, such as the modiﬁcation of the subband
curvature, the creation of additional band-edge states, and
the change of subband spacing or energy gap (Fig. 4). Furthermore, the coupling will destroy the rotational symmetry of the nanotube, leading to the destruction of the state
degeneracy. Finally, the energy bands are no longer symmetric about EF . For hybrid (I), the lowest subbands originating from the (24, 0) CN are doubly degenerate. The
second subbands are contributed by the ribbon (Fig. 3a).
The nanotube-ribbon coupling lifts the double degeneray,
reduces the energy gap, and changes the subband curva-

ture or the k dependence of the state energy (Fig. 4a).
For hybrid (II), the ﬁrst and second subbands near EF
all belong to the Nw = 90 armchair ribbon, since (25, 0)
CN is a moderate-gap semiconductor and its subbands
are away from EF (Fig. 3b). Nevertheless, the nanotuberibbon hoppings will modify the lowest subbands considerably and reduce the energy gap (Fig. 4b). For hybrid (III),
the linear subbands intersecting at EF are contributed by
the Nw = 89 armchair ribbon, and the second subbands
(parabolic) originate from the (24, 0) CN (Fig. 3c). After turning on the nanotube-ribbon interactions, the subbands are strongly mixed, and linear subbands change into
parabolic ones (Fig. 4c). For hybrid (IV), the linear subbands intersecting at EF are contributed by the (14, 14)
CN (Fig. 3d). They alter into parabolic bands with the inﬂuence of nanotube-ribbon coupling, and new band-edge
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Fig. 5. The low-energy subbands of (a) (24, 0) CN and Nw = 90 armchair ribbon (hydrid (I)), (b) (25, 0) CN and Nw = 90
armchair ribbon (hydrid (II)), (c) (24, 0) CN and Nw = 89 armchair ribbon (hydrid (III)), and (d) (14, 14) CN and Nw = 52
zigzag ribbon (hydrid (IV)) at an external electric ﬁeld. In (d), the low-energy subbands of Nw = 52 zigzag graphene nanoribbon
are shown as circles.

states are created (Fig. 4d). The partial ﬂat bands originating from the zigzag ribbon are almost unaﬀected by the
nanotube-ribbon interactions, indicating that there is very
weak or even no band hydridization between the ribbon
and the nanotube in the ﬂat bands. Finally, the energy
gap stays at zero.
With the inclusion of a transverse electric ﬁeld F =
0.001γ0/e Å, the subband curvatures and subband spacings are further altered. γ0 = 2.66 eV is the nearestneighbor transfer integral. New band-edge states are created (Fig. 5). The electric ﬁeld opens a bandgap and lifts
the partial ﬂat bands degeneracy in hybrid (IV) (Fig. 5d).
For comparison, we have also displayed the energy dispersons of the Nw = 52 zigzag graphene nanoribbon at the
same F . For the zigzag graphene nanoribbon, the energy
diﬀerence ΔE between the partial ﬂat bands at k = π/2b

equals to |eF w|, where w is the width of the ribbon. In
other words, ΔE is just the electrostatic energy diﬀerence
between the electrons locating at the two zigzag edges.
The partial ﬂat bands characteristics of hybrid (IV) in
an electric ﬁeld closely resemble those of the Nw = 52
zigzag graphene nanoribbon. Our previous statement on
the weak band hydridization between the ribbon and the
nanotube in the ﬂat bands can be extended to the case of
nonzero electric ﬁeld.
The energy gap of nanotube-ribbon hybrids varies sensitively with xloc (Fig. 6a). When xloc is not an integer, it
signiﬁes that the nanotube is locating somewhere between
two adjacent ribbon dimer lines or zigzag lines . In general,
the energy gap is oscillatory with xloc . When the nanotube
is lying at the middle of the ribbon, the geometry of the
hybrid is left-right symmetrical. However, if the nanotube
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of nanotube diameter on the energy gap. Both (25, 0) and
(16, 0) CN’s are moderate-gap semiconductors, and the diameter of the former is about one and a half times of the
latter. Comparing their energy gap variation with xloc , it
is obvious that the bandgap of the (25, 0) CN is usually
smaller than that of the (16, 0) CN at the same xloc , and
the amplitude of bandgap vibration of the former is larger
that of the latter. We have also compared the bandgap
of the narrow-gap (24, 0) and (15, 0) CN’s. The bandgap
of the former is generally smaller than that of the latter at the same xloc . More importantly, bandgap closing
occurs more frequently for the (24, 0) CN. The explanation is as follows. For a larger nanotube, the atoms near
the tube bottom are closer to the ribbon, leading to a
stronger nanotube-ribbon coupling and the dependence on
xloc . The electronic structures of nanotube-ribbon hybrids
vary sensitively with F , as is demonstrated by the F dependence of the bandgap (Fig. 6b). For hybrid (I), Eg ﬁrst
decreases to a very small value with increasing F , then rebounds, attains a peak value, and then shrinks to zero. For
subsequent increases in F , Eg will oscillate with F . For hybrid (II), Eg increases slowly with F , reaches a maximum
value, and then decreases rapidly. The bandgap of hybrid
(III) is small and diminishes to zero as F rises, then ﬂuctuates around zero with a small amplitude. Finally, even
a very small F will open an energy gap in hybrid (IV),
and this ﬁeld-induced bandgap varies sensitively with F .

Fig. 6. (a) Energy gap dependence on xloc for diﬀerent
nanotube-ribbon hybrids. When xloc is not an integer, it signiﬁes that the nanotube is locating somewhere between two
adjacent ribbon dimer lines. (b) Energy gap dependence on
F for diﬀerent hybrids in which nanotubes are lying at the
middle of the ribbons.

is displaced from the middle of the ribbon, such symmetry is lost. The variation of the bandgap with xloc also
signiﬁes that the geometrical left-right symmetry could
aﬀect the electronic structures. For hybrids (I) and (III),
the bandgaps touch the zero value at several xloc ’s and
exhibit the semiconductor-metal transitions. The energy
gap of hybrid (II) is also oscillating with varying xloc , but
there is no bandgap closing, for all xloc ’s. Finally, for hybrid (IV), the partial ﬂat bands at EF always exist, and
the energy gap is always zero (not shown in (Fig. 6a) although the bandstructures have been noticeably modiﬁed
by varying xloc . It is of interest to investigate the eﬀects

At very low temperature, the electrical conductance is
proportional to the number of subbands intersecting with
the chemical potential. The chemical-potential-dependent
conductance therefore shows a step behaviour (Fig. 7a).
Such steps appear whenever μ cross a subband. The stepwise increases with incrementing μ are due to the growing number of conducting subbands. Hydrids (I), (II) and
(III) have about 276 subbands, while hydrid (IV) has only
160 subbands. Therefore, hydrid (IV) has less conductance
steps than the others. The thermal conductance also displays a stepwise increase behavior (Fig. 7b) similar to that
of the electrical conductance.
It is of interest to explore the inﬂuence of nanotube location (xloc ) on the conductance. For hybrid (I), the electrical conductance displays sharp peak structure at xloc =
42.3, 43.7 and 44.3. Explanations for this spiking behavior are as follows. The ∂f o (E)/∂E function is a prominent
Lorentzian function at the Fermi energy. Additionally, the
electron state energies are very sensitive to xloc . Therefore,
whether the state closest to the Fermi level may contact
EF and thus contribute to the electrical conductance, or
may not contact EF and thus not contribute, depends
very strongly on xloc . The positions of the peak correspond to the xloc values that lead to semiconductor-metal
transitions, and their heights are related to the number of
subbands at the Fermi level. The variation of the conductance with xloc also signiﬁes that the conductance relies on
the geometrical left-right symmetry. For hybrid (II), there
is no subband that crosses EF for any values of xloc resulting in zero conductance (not shown in (Fig. 8a). The
thermal conductance behaves similarly to the electrical
one (Fig. 8b).
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Fig. 7. Dependence of (a) the electrical conductance, and
(b) the thermal conductance on the chemical potential μ for
diﬀerent nanotube-ribbon hybrids at T = 2 K and F = 0.

Field-induced conductance change is one of the most
important issues in nanoelectronics [32,33]. For all four
nanotube-ribbon hybrids, G is large at large F indicating that there are many subbands at EF . Sharp peaks,
as well as single-shoulder and multi-shoulder structures in
the electrical conductance are demonstrated when varying
F (Fig. 9a). The electrical conductance of hybrid (I) exhibits a small peak structure at F = 0.0014γ0/e Å, a
boardened peak structure around F = 0.0035γ0/e Å and
a combination of single-shoulder and peak structure at
large F . The electrical conductance of hybrid (III) display
a multi-shoulder structure. Its value plateaus at 12 T0 e2 /h
over the region (0.0013γ0/e Å ≤ F ≤ 0.0035γ0/e Å).
There are always six subbands at the Fermi energy in that
plateau region. Although varying F will modify the energy
dispersion relationships accordingly, it does not change the
number of bands at the Fermi energy, which is the only fac-
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Fig. 8. Dependence of (a) the electrical conductance, and (b)
the thermal conductance on xloc for diﬀerent nanotube-ribbon
hybrids at T = 2 K and F = 0.

tor that determines the conductance. The thermal conductance curves closely resemble the electrical ones (Fig. 7b),
and the slight diﬀerence between them originates from the
diﬀerent integrands in equation (3).
The thermal broadening eﬀects on the conductance
are shown in Figure 10. The ∂f o (E)/∂E prominent
Lorentzian function is widened due to the ﬁnite temperature resulting in a width kB T , and consequently the number of conducting subbands is also changed. The shoulder structures of the electrical conductance and thermal
conductance are gradually stretched by the increasing
temperature. At the same temperature, the integrand of
L2 (Eq. (3)), which is quadratic in E − μ, is more extended in the energy domain than that of L0 . Therefore, κ is more susceptible to the thermal broadening effects than G. We anticipate that quantum conductance
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Fig. 9. Dependence of (a) the electrical conductance, and (b)
the thermal conductance on F for diﬀerent nanotube-ribbon
hybrids at T = 2 K. The nanotubes are lying at the middle of
the ribbon.

behavior in nanotube-ribbon hybrids can be observed experimentally at temperature around 10 K. Depolarization
or screening eﬀects, which arise from redistribution of carriers induced by the external electric ﬁeld, have not been
taken in account. A thorough investigation of the eﬀective electric ﬁeld would require the self-consistent ﬁeld
approach [34,35]. In this study, F is the eﬀective electric ﬁeld strength, and the external (or applied) electric
ﬁeld strength is roughly determined to be ﬁve times of F
in a carbon nanotube, according to calculations given in
literatures [36–38].

4 Concluding remarks
In conclusion, the tight-binding model has been employed to study the electronic and transport properties of

Fig. 10. Dependence of (a) the electrical conductance, and
(b) the thermal conductance, on the chemical potential μ for
hybrid (I) at various temperatures.

nanotube-ribbon hybrids. The energy dispersion relations
are found to exhibit rich dependence on the nanotuberibbon interactions, the ﬁeld strength, and the geometry
of the hybrids. The nanotube-ribbon coupling will modify the subband curvature, create additional band-edge
states, and change the subband spacing or energy gap.
The bandstructures are asymmetric and symmetric about
the Fermi energy when the interactions are turned on
and oﬀ, respectively. The inclusion of a transverse electric ﬁeld will further alter the bandstructures and lift the
degeneracy of the partial ﬂat bands in hybrid (IV). The
chemical-potential-dependent electrical and thermal conductance exhibit a stepwise increase behavior. Variations
in the electronic structures with ﬁeld strength will be reﬂected in the electrical and thermal conductance. Prominent peaks, as well as single-shoulder and multi-shoulder

T.S. Li et al.: Electron transport in nanotube-ribbon hybrids

structures in the electrical and thermal conductance are
predicted when varying the electric ﬁeld strength and the
nanotube location. The features of the conductance are
found to be strongly dependent on the ﬁeld strength, the
geometry and the temperature. These theoretical predictions can be veriﬁed by conductance measurements.
This work was supported in part by the National Science Council of Taiwan, the Republic of China under Grant No. NSC
97-2112-M-168-002.
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